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1. Introduction

Recently the phases of thermal holographic QCD (HQCD) have been analyzed [1] in the

context of the model of Sakai and Sugimoto [2, 3]. It was found out that the confine-

ment/deconfinement and chiral symmetry breaking/restoring phase transitions are first

order transitions and they do not necessarly coincide with each other. The system may

admit an intemediate deconfined phase with broken chiral symmetry.

The mesonic world at these phases was later investigated in [4]. The temperature

dependence of low-spin as well as high-spin meson masses was shown to exhibit a pattern

familiar from the lattice. The Goldstone bosons associated with chiral symmetry breaking

were shown to disappear above the chiral symmetry restoration temperature. The dissoci-

ation temperature of mesons as a function of their spin was determined, showing that at a

fixed quark mass, mesons with larger spins dissociate at lower temperatures. It was further

shown that unlike quarks, large-spin mesons do not experience drag effects when moving
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through the quark gluon fluid. They do, however, have a maximum velocity for fixed spin,

beyond which they dissociate.

HQCD models based on critical string theories suffer from the major drawback of

incorporating undesired KK modes. Whereas the modes associated with the S5 in the

string theory on AdS5 × S5 are essential to describe the dual N = 4 SYM theory, the KK

modes in models of HQCD do not correspond to modes of the gauge theory. Moreover, the

mass scale of those KK modes is the same as that of the glueballs and hadrons and there

is no known method to disentangle the two scales. The most natural way to overcome this

problem is to consider strings in non-critical dimensions so as to minimize the set of KK

modes. Since the pioneering paper of Polyakov [5]. there have been many attempts to write

down an non-critical string model of QCD [6]–[10]. The main problem with non-critical

holography is the fact that the corresponding SUGRA backgrounds have curvature of order

one and there is no way to go to a region of small curvature by taking the limit of large

λ′tHooft. However, it turns out that in fact any HQCD model even those based on critical

string theories must have eventually curvature of order one. This is necessary to avoid a

gap in the masses of low spin mesons holographically described by fluctuations of the flavor

D-branes, and high spin mesons [23]. There is yet another reason in favor of backgrounds

with curvature which is not small. To recast a non-trivial a−c anomaly which characterizes

supersymmetric QCD models, one must turn on higher curvature terms. [12, 13].

In this paper, we look at the non-critical AdS6 black hole solution [6]. This model

was shown [7] to reproduce some properties of the 4-dimensional non-supersymmetric YM

theory like an area law for the Wilson loop, a mass gap in the glueball spectrum etc. At

high energies the theory is dual to a thermal gauge theory at the same temperature as

the black hole temperature and at low energies the dual theory is effectively 4-dimensional

pure YM. For any non-critical model, the curvature is of order one in units of α′ and hence

higher order curvature correction may affect the structure of the model. On the other hand

unlike in [2] where in what corresponds to the “uv region” the dilaton blows up and one

has to elevate the model to an M theory setup, the non-critical model admits small small

string coupling and hence stringy corrections can be safely ignored.

In this work we introduce flavor in this setup by adding D4,D4 probe branes. This

is similar to the D8,D8 of the Sakai Sugimoto model in critical dimension. We analyze

the classical configurations of the probe branes. At the low temperature phase the only

solution of the equations of motion is a U shape, where the branes and anti-branes merge

together in the region that corresponds in the dual gauge theory to the IR. The U shape

is a geometrical manifestation of chiral symmetry breaking. At the high temperature (

deconfining ) phase there are two possible solutions , again the U shape configuration

and a | | shape of parallel branes and anti-branes. To determine the phase structure we

compute the difference of the free energy between these two configurations. The free energy

is proportional to the value of effective action. The latter includes the DBI action and a

Cern Simons term of the form
∫

c5 for charged probe branes and only the DBI term for

charge-less ones. It turns out that in the former case the difference of the free energies

diverges and hence it cannot correspond to the difference of the free energy between two

phases of the dual gauge theory. We therefore set this CS term to zero and perform from
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thereon all the computations with out this CS term. This resembles the situation in other

non-critical models with flavor branes like [8] and [11].

The outcome of the model is similar to that of the thermal Sakai-Sugimoto model [1].

There are three different phases. In the low-temperature phase the background is the

Euclidean continuation of a Lorentzian background. Gluons are confined in this phase.

After the confinement/deconfinement transition for the gluons, there is the intermediate-

temperature phase. In this phase gluons are deconfined, but chiral symmetry is still broken.

Mesonic bound states still exist, as the D4-brane embedding is not yet touching the hori-

zon. At sufficiently high temperature, the lowest-energy configuration of the D4-branes

is the one in which they are parallel and fall down to the horizon. This is the high-

temperature phase, in which chiral symmetry is restored. If the ratio L/R > 1.06, there is

no intermediate-temperature phase, so that the confinement/deconfinement and the chiral

symmetry breaking transition coincide.

We also analyze the spectrum of low-spin and high-spin mesons. Low-spin mesons

correspond on the string theory side to fluctuations of the massless fields on the probe

branes. We identify the Goldstone boson associated with the chiral symmetry breaking.

High-spin mesons, as for the critical case, can be described as classical spinning open

strings. The temperature dependence for both low-spin and high-spin mesons is similar,

that is the masses of mesons go down as the temperature goes up. For high-spin mesons

there is a maximum value of angular momentum beyond which mesons cannot exist and

have to melt. We find the drag force that a quark experiences moving through a hot gluon

plasma, and we also find that high-spin mesons do not experience any drag force because

for high-spin mesons at finite temperature, one can find generalized solutions where the

meson moves with linear velocity, rigidly, with free boundary conditions in the direction of

motion. Hence one does not need to apply any force to maintain this motion.

A main goal of this work has been to compare the phase diagram that follows from

a critical holographic model versus that one associated with a non-critical HQCD model.

Since the latter is characterized by a curvature of order one, strictly speaking one is not

allowed to ignore the higher curvature corrections of the supergravity action. Hence there

is priori no reason that the structure of the thermal phases that emerge from our analysis

will resemble at all the one extracted from a critical HQCD model. However, the outcome

of this paper is that in fact the results from the critical and non-critical holographic models

are very similar.

We begin in section 2 with a short review of the SS model and its behavior at finite

temperature. In section 3 we describe the AdS6 model at zero temperature. In section 4

we discuss the behavior of this theory at finite temperature. We discuss the bulk thermo-

dynamics, which leads to the confinement and deconfinement phases, and chiral symmetry

restoration at a certain temperature. In section 5 we have a close look on the spectrum of

low-spin as well as high-spin mesons in different phases and also discuss the drag force on

quarks and mesons.
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t x1 x2 x3 x4 x5 θ1 θ2 θ3 θ4
D4 ⋄ ⋄ ⋄ ⋄ ⋄

D8-D8 ⋄ ⋄ ⋄ ⋄ ⋄ ⋄ ⋄ ⋄ ⋄
Table 1: Brane setup of the Sakai Sugimoto model.

2. Review of Sakai-Sugimoto model at finite temperature

The Sakai-Sugimoto model [2, 3] is based on a D4/D8-D8 brane system consisting of Nc

D4-branes compactified on S1 and Nf D8-D8-brane pairs transverse to the S1. The brane

configuration of the system, as described in table 1 with x4 and θ’s being coordinates of

S1 and S4 respectively.

We look at the D4-branes in the large Nc and near horizon limits. In these limits they

are classical solutions of the type IIA supergravity in ten dimensions. This gravitational

background is dual to a five-dimensional gauge theory, which looks four-dimensional at

energy scale below the compactification scale. Imposing periodic boundary conditions

on the bosons and antiperiodic ones on the fermions along the compactified direction,

supersymmetry is explicitly broken. The scalars and the fermions on the D4-branes become

massive and are decoupled from the system at low energy. Thus one obtains a U(Nc) pure

gauge theory. To describe quarks in the fundamental representation of the gauge group

U(Nc) one introduces flavor Nf D8 − D8 pairs into the D4 background. We assume

Nf ≪ Nc which allows us to treat the Nf D8 −D8 branes as probes.

The finite temperature behavior of the Sakai-Sugimoto model was discussed in [1, 4, 14,

15]. As opposed to the zero temperature case there are two solutions at finite temperature,

because one Wick-rotates the metric (generates a black hole solution) and an asymptotic

symmetry between compactified Euclidean time coordinate (with periodicity β = 1/T ) and

x4 (with periodicity 2πR) appears. In [1] it was shown that one of them dominates at low

temperatures and the other one at high temperatures. A phase transition between these

backgrounds occurs at the temperature Tc = 1/2πR. This phase transition is of the first

order and represents a confinement/deconfinement transition [16].

The bulk background geometry at low temperature is represented by the following

metric

ds2 =

(

u

RD4

) 3
2
(

dt2 + δijdx
idxj + f(u)dx2

4

)

+

(

RD4

u

) 3
2
(

du2

f(u)
+ u2dΩ2

4

)

,

eφ = gs

(

u

RD4

) 3
4

, F4 = dC3 =
2πNc

V4
ǫ4, f(u) = 1 − u3

Λ

u3
, (2.1)

where dΩ2
4 is the metric of S4 and R3

D4 = πgsNcl
3
s with gs and ls being the string coupling

and the string length. ǫ4 and V4 are the volume form and the volume of S4. The x4-u

submanifold has a cigar-like form with a tip at u = uT . To avoid singularity at the tip of
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(a) Low-temperature phase

(b) Intermediate-temperature phase (c) High-temperature phase

u
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u

u
RR

t

t t

/2 /2

L

uT

u0

Figure 1: The configuration of flavor branes at three phases: (a) low-temperature phase, (b)

intermediate and (c) high-temperature phases.

the cigar x4 should be periodic with periodicity

δx4 =
4π

3

(

R3
D4

uΛ

)1/2

= 2πR (2.2)

The effective action of the D8-branes consists of the DBI action and the Chern-Simons term

SD8 = T8

∫

d9x e−φ Tr
√

det(gMN + 2πα′FMN ) − i

48π3

∫

D8
C3 TrF 3, (2.3)

where gMN and FMN are the induced metric and the field strength on the D8-brane and T8

is the tension of the D8-brane. The CS term in the D8-action does not affect the solution

of the equation of motion of the gauge field since it has a classical solution of a vanishing

gauge field.

The Hamiltonian of the action does not depend on x4 and therefore the equation of

motion equals to a constant. To solve it we assume that there is a point u0 where the

profile u(x4) has a minimum (u′|u=u0
= 0). The form of the profile is drawn in figure 1(a).

The x4 circle shrinks to zero at u = uΛ. Therefore D8 branes and antibranes have

no place to end and should stay all the time connected. Because of this configuration the

chiral symmetry U(Nf )L×U(Nf )R on the probe D8-D8 pairs is always broken to a diagonal

subgroup U(Nf )V in the low temperature phase.

In the high temperature phase the preferred background is the one with the inter-

changed role of the t and x4 circles (by moving the factor of f(u) in (2.1) from the dx2
4 term
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to the dt2 term). Now the t-circle shrinks to zero at uT (which is now related to T rather

that to R), while the x4 circle never shrinks. While the configuration with connected flavor

branes is still possible, a new configuration with parallel branes appears (see figure 1(b)

and 1(c)). This new configuration is also a solution of the equation of motion of the new

background DBI action and it means that chiral symmetry U(Nf )L × U(Nf )R is restored.

Both configuration are possible at the high temperature phase (deconfinement phase).

To see when they are preferred we need to compute their free energy (the one with the lower

free energy is preferred in the given temperature range). In [1] it was found that in the range

Tc ≤ T < TχSB (TχSB = 0.154/L, L is the separation distance between the flavor branes at

u→ ∞) the preferred configuration is with connected branes and at T ≥ TχSB - with paral-

lel branes. Therefore deconfinement and chiral symmetry restoration do not occur together

but there is an intermediate phase with deconfinement and broken chiral symmetry.

3. Near extremal AdS6 model with flavor branes at zero temperature

We are interested in the non-critical flavored version of the model of [2], which was con-

sidered in [6, 9]. The starting point is to consider unflavored conformal AdS6 background,

which is the dual of a fixed point non-supersymmetric 5-dimensional gauge theory without

fundamental quarks. The construction of the model can be made by either first taking the

near extremal limit of the AdS6 background and then adding flavors, or by adding flavors

first and then taking the near extremal limit of the flavored AdS6. We follow the former

one. The non-critical version of the near horizon limit of Nc near extremal D4-branes

wrapped over a circle with anti-periodic boundary conditions takes the form of a static

black hole embedded inside AdS6. The only surviving fermionic degrees of freedom are

excited Kaluza-Klein modes because the anti-periodic boundary conditions project mass-

less fermions out of the spectrum. At high energies the system is dual to a thermal gauge

theory at the same temperature as the black hole temperature and at low energies the KK

modes can not be excited and the dual theory is effectively 4-dimensional pure YM.

The 6-dimensional background metric, 6-form field strength and constant dilaton are

given by

ds26 =

(

u

RAdS

)2

(−dt2 + δijdx
idxj + f(u)dx2

4) +

(

RAdS

u

)2 du2

f(u)

F(6) = Qc

(

u

RAdS

)4

dx0 ∧ dx1 ∧ dx2 ∧ dx3 ∧ du ∧ dx4

eφ =
2
√

2√
3Qc

R2
AdS =

15

2
f(u) = 1 −

(

uΛ

u

)5

(3.1)

The space spanned by u and x4 has a topology of a cigar with the minimum value uΛ at its

tip. To avoid a conical singularity at the origin, x4 needs to be periodic with periodicity

x4 ∼ x4 +
4πR2

AdS

5uΛ
= x4 + 2πR (3.2)
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t x1 x2 x3 x4 x5

D4 ⋄ ⋄ ⋄ ⋄ ⋄
D4-D4 ⋄ ⋄ ⋄ ⋄ ⋄

Table 2: Brane setup of the non critical model.

The typical mass scale below which the theory is effectively 4-dimensional is

MΛ =
2π

δx4
=

5

2

uΛ

R2
AdS

(3.3)

Since the gauge theory is not supersymmetric there are two ways to add flavor to the

AdS6 black hole background - by adding D4- or D5-probe branes. But it seems natural

to include probe D4-branes and antibranes extended along the Minkowski directions and

stretching to infinity in the radial direction since then the low energy limit of the gauge

theory will contain massless fundamental quarks, while adding D5-branes, which need to

wrap the S1, due to the antiperiodic boundary conditions on S1 will generate mass to

the quarks of the 4-dimensional gauge theory. When all the quarks are massless one can

reproduce a spontaneous chiral symmetry breaking in terms of the string dual theory. The

brane configuration is given in table 2. In the limit of large Nc and very small gs (with

fixed gsNc), Nf ≪ Nc and L ≫ ls, the coupling of the strings stretching between two

D4-probe branes, two D4-probe antibranes or between a D4-probe brane and an antibrane

goes to zero and they become non-dynamical sources. Hence, the degrees of freedom in

the low energy limit and in the above limiting case are described by the strings stretching

between color branes or between a color brane and a probe brane/antibrane. The gauge

symmetry of the flavor branes U(Nf ) × U(Nf ) becomes a global symmetry of QCD and

represents a chiral symmetry of the quarks. The fermions that appear from the color -

D4-probe branes intersection transform as (N̄f , 1) of the global symmetry and that from

the color - D4-probe branes intersection transform as (1, N̄f ). Both fermions transform in

the fundamental Nc representation of the color group.

The picture is similar to the Sakai-Sugimoto model [3, 1] but the background we

consider is non-critical. For any non-critical model, the curvature is of order one in units

of α′. But taking large Nc limit guarantees small string coupling and one expects that

stringy corrections will not affect calculations on the non-critical gravity side. The results

in [7] are at least of the same order of magnitude as those given by experiments or lattice

calculations, showing therefore that this assumption is not meaningless.

We consider the action

SD4 = T4

∫

d5xe−φ
√

−detĝ − ãT4

∫

P(C(5)) (3.4)

where ĝ is the induced metric over D4-brane worldvolume and P(C(5)) is the pull-back of

the RR 5-form potential over the D4-brane worldvolume. Taking ã is a constant which fixes

the relative strength of the DBI and CS terms in (3.4). ã should be taken equal to zero if

WZ coupling is not present at all. ã equals to one would be the direct naive generalization

– 7 –
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from the 10-dimensional theory, but it is not well understood what should be written in

this two-derivative approximation to the non-critical setup.

The induced metric on the D4-branes is

ds26 =

(

u

RAdS

)2

(−dt2 + δijdx
idxj) +

(

u

RAdS

)2(

f(u) +

(

RAdS

u

)4 u′2

f(u)

)

dx2
4 (3.5)

Substituting the determinant of the metric and the pullback of the RR 5-form potential

C(5) into the action (3.4),we get

SD4 = T̂4e
−φ

∫

dx4

(

u

RAdS

)5




√

f(u) +

(

RAdS

u

)4 u′2

f(u)
− a



 (3.6)

where T̂4 includes the outcome integration over all coordinates apart from dx4 and a ≡ 2√
5
ã.

The action does not depends explicitly on x4 therefore the Hamiltonian will be con-

served:

(

u

RAdS

)5




f(u)
√

f(u) +
(RAdS

u

)4 u′2

f(u)

− a



 =

(

u0

RAdS

)5 (
√

f(u0) − a
)

(3.7)

where u0 is a point of a vanishing profile u′(u)
∣

∣

u0
= 0.

Defining y ≡ u
u0

, yΛ = uΛ

u0
, f(y) ≡ 1 −

(yΛ

y

)5
, the profile reads

u′ =

(

u

RAdS

)2

f(y)

√

f(y)

(y−5
√

f(1) + a(1 − y−5))2
− 1 (3.8)

At u→ ∞ we want Nf D4-branes to be localized at x4 = 0 and Nf D4-branes at x4 = L.

These branes can’t go to the interior of the space because they don’t have where to end

inside the ”cigar”. Therefore they should smoothly connect at some point u = u0 (u0 ≤ uΛ)

and therefore at zero temperature chiral symmetry is broken.

We can express L as a function of u0, uΛ and RAdS:

L =

∫ L

0
dx4 = 2

∫ ∞

u0

du

u′
= 2u0

∫ ∞

1
dy

(

RAdS

u

)2 1

f(y)

1
√

f(y)

(y−5
√

f(1)+a(1−y−5))2
− 1

(3.9)

Setting z ≡ y−5, we get

L =
2R2

AdS

5u0

∫ 1

0
dz

1

z
4
5 (1 − y5

Λz)

z(1 − y5
Λ) + a(1 − z)

√

1 − y5
Λz − (z(1 − y5

Λ) + a(1 − z))2
(3.10)

From here we see that small values of L correspond to large values of u0 and to yΛ ≪ 1.

In this limit L ∝
R2

AdS

u0
. The general dependence of L on u0 is more complicated.
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4. Near extremal AdS6 model with flavor D4-D4 branes at finite temper-

ature

4.1 Bulk thermodynamics

We consider flavor branes as probes with Nf ≪ Nc and therefore we can analyze the ther-

modynamics of our model at finite temperature by considering only background geometry

and then add probe D4-branes to the dominant bulk background at each temperature.

In the gravity approximation (large Nc limit) we should look at Euclidean backgrounds,

which are asymptotically (3.1), but with Euclidean and periodic time with a periodicity

t = 1/T = β and with anti-periodic boundary conditions for the fermions along the time

direction in addition to the x4 direction. This background is just a Euclidian continuation

of the background (3.1) with the x4 compact direction with a periodicity 2πR (with R

related to uΛ by (3.2)) that shrinks to zero at u = u0 and with the time direction that

remains always finite with an arbitrary periodicity equal to β (see figure 1(a)).

But now we can consider another solution with the same asymptotics, which is given

by exchanging the behavior of the t and x4 circles (i.e. by moving f(u) in the metric (3.1)

from the dx2
4 term to the dt2 term). Then now the time direction shrinks to zero size at

u = uT (uT is related to β), while the x4 circle never shrinks (see figure 1(b)).

4.2 The bulk free energies of the low and high temperature phases

In order to decide which background dominates at a given temperature we need to compute

their free energies. We look at the difference between the free energies, which is proportional

to the difference between the actions of the backgrounds times the temperature (in the

gravitational approximation), because it turns out to be finite despite that classical actions

might diverge. In our calculations we use the notations and the results for the action

computed in [6].

The class of Euclidean metrics that we are looking on can be parameterized as

l−2
s ds2 = dτ2 + e2λ(τ)dx2

|| + e2λ̃(τ)dx2
c (4.1)

where xc is either x4 or t (the one whose circle shrinks to zero size at the minimal value of

u at a certain temperature), x|| are the other four coordinates of R4,1 (one of which is also

compactified), τ is the radial direction and

e2λ =

(

u

RAdS

)2

e2λ̃ =

(

u

RAdS

)2
(

1 −
(

uΛ

u

)5
)

(4.2)

The functions λ and λ̃ depend only on the radial coordinate. The color D4-brane wrap the

circle xc, while the flavor D4-brane are points on the circle. The background also includes

a constant dilaton φ0 and a 6-form RR field strength. We define a deformed dilaton ϕ and

a new radial coordinate ρ as

ϕ = 2φ0 − 4λ− λ̃

dτ = −e−ϕdρ (4.3)

– 9 –
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Since the background depends only on a radial direction, the sugra action reduces to the

following (0+1)-dimensional action:

S = V

∫

dρ
(

− 4(λ′)2 − (λ̃′)2 + (ϕ′)2 + 4e−2ϕ −Q2
ce

4λ+λ̃−ϕ
)

= −V
∫ ∞

uΛ

du

[

(

−4λ̇2 − ˙̃λ2 + ϕ̇2
) du

dρ
+
(

4e−4φ0 −Q2
ce

−2φ0

)

e8λ+2λ̃ dρ

du

]

(4.4)

where V is the volume of all other directions except ρ in string units and Qc is a constant

that corresponds to the contribution of the RR flux. After rewriting the action in terms

of integrals over u the minus sign arises because dρ/du is negative (dots denote derivatives

with respect to u). Here we wrote the solution of the low temperature phase, for the high

temperature phase one should replace uΛ with uT .

The equations of motion associated with the action (4.4) are

λ′′ − 1

2
Q2

ce
2(4λ+λ̃−φ0) = 0 (4.5)

λ̃′′ − 1

2
Q2

ce
2(4λ+λ̃−φ0) = 0

The most general solution of this system is ([6]):

λ = −1

5
ln(sinh(−5bρ)) + 4bρ (4.6)

λ̃ = −1

5
ln(sinh(−5bρ)) − bρ

where b = − 1√
10
Qce

−φ0 .

Substituting (4.2) into (4.4) we get

S =V

∫ ∞

uΛ

du

[(

20

u2

1

1 −
(

uΛ

u

)5

)

du

dρ

+

{

(

4e−4φ0 −Q2
ce

−2φ0
)

(

u

RAdS

)10
(

1 −
(

uΛ

u

)5)
}

dρ

du

]

(4.7)

Using the solutions of the equations of motion associated with the above action (4.6)

and (4.2)

λ̃− λ = 5bρ (4.8)

e2λ̃

e2λ
= 1 −

(

uΛ

u

)5

= e10bρ

we find that
dρ

du
=

1

2bu

(

uΛ

u

)5 1

1 −
(

uΛ

u

)5 (4.9)

Substituting the expression into the action we find that the divergence at large u is in-

dependent of uΛ, so it makes sense to subtract the expressions with uΛ and with uT to
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obtain a finite answer. The result for the difference between the action densities in the low

temperature phase and in the high temperature phase is given by (defining b̂ = b/u5
Λ which

is constant independent of uΛ)

∆S

V3
≡ Slow − Shigh

V3
=

2πRβ

l2s

(

2b̂+
(

4e−2φ0 −Q2
c

)

e−2φ0
1

10b̂R10
AdS

)

(

u5
T − u5

Λ

)

(4.10)

Using (3.2) and (4.18) we find

uΛ =
2R2

AdS

5R
and uT =

4πR2
AdS

5β
(4.11)

Therefore the action is proportional to

∆S ∝ N2
c

(

1

(β/2π)5
− 1

R5

)

(4.12)

This result should be compared to the result derive in the critical model [1] In that case

the power of β and R in the denominators were found to be six. A dependence on the fifth

power as we found here seems to be more adequate for a dual five dimensional field theory.

Both backgrounds have equal free energy when both circles are equal, i.e. β = 2πR. When

the temperature is less than Td = 1/2πR the background in which x4 circle shrinks to zero

size dominates and when temperature is greater than Td = 1/2πR the background with

t circle shrinking to zero dominates. There is a phase transition of first order here since

two different configurations are possible at the transition point. If we compute the quark-

antiquark potential (using the methods of [17 – 19]) , which is proportional to
√
gttgxx,

in the two backgrounds, we find that in the low-temperature background it is finite at

u0 and linear, corresponding to a confined phase, and in the high-temperature it decays,

corresponding to a deconfined phase.

4.3 Low temperature phase

As described above the background corresponding to the low temperature phase is the one

with the x4 circle shrinking to zero at u = u0. The only difference from the zero temperature

case is that the time direction is Euclidean and compactified with a circumference β = 1/T .

Hence, at low temperatures the dual gauge theory is in the confining phase. When we add

flavor branes and anti-brains to the background they have no other possibility than to

connect because x4 shrinks to zero size. Therefore chiral symmetry is broken at least until

the temperatures corresponding to deconfinement.

The metric is

ds26 =

(

u

RAdS

)2

(dt2 + δijdx
idxj + f(u)dx2

4) +

(

RAdS

u

)2 du2

f(u)

f(u) = 1 −
(

uΛ

u

)5

x4 ∼ x4 + 2πR = x4 +
4πR2

AdS

5uΛ
and t ∼ t+ β (β arbitrary) (4.13)
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In the next section we will see that we can make sense of a holographic duality only for

the case of chargeless branes with vanishing ã Setting ã to zero, we find from (3.8)

u′ =

(

u

RAdS

)2

f(y)

√

y10
f(y)

f(1)
− 1 (4.14)

Substituting (4.14) into (3.4) and using the definitions y ≡ u
u0

, yΛ = uΛ

u0
, f(y) ≡ 1 −

(yΛ

y

)5

and z ≡ y−5, we get the following DBI action:

SDBI = T̂4e
−φ

∫

dx4

(

u

RAdS

)5
√

f(u) +

(

RAdS

u

)4 u′2

f(u)

=
2T̂4e

−φu4
0

5R3
AdS

∫ 1

0
dz

1

z
9

5

1
√

1 − y5
Λz − z2(1 − y5

Λ)
(4.15)

The relation between L and u0 is the same as at zero temperatures. For small L the

dependence of the action on L is:

SDBI ∝
T̂4e

−φ

R3
AdSL

4
(4.16)

4.4 Intermediate and high temperature phases

In the high temperature phase the background metric takes the form

ds26 =

(

u

RAdS

)2

(f(u)dt2 + δijdx
idxj + dx2

4) +

(

RAdS

u

)2 du2

f(u)

f(u) = 1 −
(

uT

u

)5

(4.17)

Now the time circle shrinks to zero at the minimal value of u = uT and to avoid a singularity

there the time direction should be identified with the periodicity

t ∼ t+ β = t+
4πR2

AdS

5uT
(4.18)

On the other hand the periodicity of x4 is now arbitrary:

x4 ∼ x4 + 2πR (4.19)

D4-branes span the same coordinates as previously and are described by some profile u(x4).

The induced metric and the DBI action now takes the form

ds26 =

(

u

RAdS

)2

(f(u)dt2 + δijdx
idxj) +

(

u

RAdS

)2(

1 +

(

RAdS

u

)4 u′2

f(u)

)

dx2
4 (4.20)
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x4

L

x4

R L

uT

u0

u

x4

(a) (b) (c)

f

N D
f

N D
f

N D
f

N D
f

N D
f

N D

Intermediate temperature phase ( SB) High temperature phase ( S)

Figure 2: The three possible configurations of the flavor D4-branes and antibranes at intermediate

and high temperatures: (a) a configuration of connected branes at the minimum u = u0 with

an asymptotic separation L at u → ∞ (intermediate temperature phase), (b) a configuration

of connected branes in the case u0 = uT (intermediate temperature phase), (c) parallel branes

configuration (high temperature phase).

We get the following action:

SD4 = T4

∫

d5xe−φ
√

−detĝ −
√

5a

2
T4

∫

P(C(5))

= T̂4e
−φ

∫

dx4

(

u

RAdS

)5




√

f(u)

√

1 +

(

RAdS

u

)4 u′2

f(u)
− a





= 2T̂4e
−φ

[

∫ ∞

u0

du

u′

(

u

RAdS

)5
√

f(u)

√

1 +

(

RAdS

u

)4 u′2

f(u)

− a

∫ ∞

u0

du

u′

(

u

RAdS

)5
]

(4.21)

where here we turned on the CS term and took non-vanishing a ≤ 1. Conservation of the

Hamiltonian of (4.21) implies that

(

u

RAdS

)5




√

f(u)
√

1 +
(

RAdS

u

)4 u′2

f(u)

− a



 = const (4.22)

There is a solution for a vanishing profile at some point u0 ≥ uT , where u′(u)
∣

∣

u0
= 0 (see

figures 2(a) and 2(b)). This is a solution for branes and anti-branes connected at u = u0,

where u′ should be zero. At low temperatures this was the only possible configuration, but

since in the high temperature phase the x4 circle never shrinks to zero size we can consider

a configuration of non-intersecting branes and antibranes that end on the horizon of the

black hole (see figure 2(c)). The branes and antibranes stay disconnected in the u − x4

submanifold with constant values x4(u) = 0, L, e.g chiral symmetry is restored. Since the
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Figure 3: Lu0 as a function of yT . The left graph is for the case ã = 0 and the right one is for the

case ã = 1.

branes are now parallel to each other u′ = ∞. Eventhough this is not a solution of (4.22)

it is a solution of the equation of motion associated with the action (4.21).1

Inspite of the fact that the both the parallel and the U shape solutions exist for non

trivial a we found that for that case ( as is desribed in the appendix) the difference of the

free energies diverges. Thus we switch off again the CS term. Defining y ≡ u
u0

, yT = uT

u0
,

f(y) ≡ 1 −
(yT

y

)5
, the profile velocity now reads

u′ =

(

u

RAdS

)2
√

f(y)

√

y10
f(y)

f(1)
− 1 (4.23)

Then x4 as a function of u becomes

x4(u) =

∫ u

u0

dû
1

û′
=

∫ u

u0

dû
1

(

û
RAdS

)2√
1 − (uT

û )5
√

(

û
u0

)5 1−(
uT
û

)5

1−u5
T

− 1

(4.24)

It is shown in figure 4. At the beginning when u ≈ u0 the profile of the branes growth

very rapidly and when u → ∞ the profile is almost straight. For u0 ≈ uT the profile is

drawn at figure 2(b).

By substituting the outcome of the equation of motion into the action, we get

Shigh
DBI =

2T̂4e
−φu4

0

R3
AdS

∫ ∞

1
dy

y3

√

1 − f(1)
f(y)y10

(4.25)

The velocity of the profile of a parallel branes configuration is always u′ → ∞ and therefore

the action reads

Shigh
DBI u′→∞ = 2T̂4e

−φ

∫ ∞

uT

du

(

u

RAdS

)5(RAdS

u

)2

=
2T̂4e

−φu4
0

R3
AdS

[
∫ ∞

1
dyy3 +

∫ 1

yT

dyy3

]

(4.26)

1We thank O. Aharoni for pointing this to us
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Figure 4: Profile x4 as a function of u. The lower curve (green) is for uT = 2, u0 = 3. The upper

curve (blue) is for the case u0 ≈ uT = 2 (RAdS = 1).

To find whether a configuration with χSB or with a restored χS is preferred we can compute

the difference between the actions of the two configuration that is proportional to free

energy. Configuration that has a lower free energy is preferred.

∆S ≡ R3
AdS

2T̂4e−φu4
0

(

Shigh
DBI − Shigh

DBI u′→∞

)

=

∫ ∞

1
dyy3





1
√

1 − f(1)
f(y)y10

− 1



−
∫ 1

yT

dyy3

=
1

5

∫ 1

0
dz

1

z
9
5

[
√

1 − y5
T z

1 − y5
T z − z2(1 − y5

T )
− 1

]

− 1

4

(

1 − y4
T

)

(4.27)

where was introduced z = y−5 change of variables. ∆S as a function of yT is drawn in

figure 5. When yT > 0.8 ∆S is positive, i.e. Shigh
DBI u′→∞ has a lower free energy and is

preferred. In this phase D4-brane are disconnected and chiral symmetry is restored, while

when 0 < yT < 0.8 D4-branes are smoothly connected and chiral symmetry is broken.

We would like to express the critical point in terms of physical quantities. For a certain

value of yT we can compute an integral that relates the minimal point of the connected

branes configuration u0 to the asymptotic distance between branes and antibranes L.

L = 2

∫ ∞

u0

du

u′
=

2R2
AdS

u0

∫ ∞

1
dy

1

y2
√

f(y)

1
√

y10 f(y)
f(1) − 1

=
2R2

AdS

5u0

√

1 − y5
T

∫ 1

0
dz

1
√

1 − y5
T z

z
1
5

√

1 − y5
T z − z2(1 − y5

T )
(4.28)

For small values of L u0 ∝ R2
AdS/L. At the transition temperature yc

T = 0.8 the inte-

gral (4.28) gives L = 0.53(R2
AdS/u0). From the equation (4.18) we find

TχSB =
5yTu0

4πR2
AdS

=
5yT 0.53

4πL
=

0.169

L
(4.29)
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Figure 5: ∆S as a function of yT , in units of 2T̂4e
−φu4

0/R
3
AdS

in the case ã = 0.

1/2

L/R

TR

1.06

deconf

S

conf

SB

deconf

SB

Figure 6: The phase diagram of the AdS6 model with flavor D4-branes. The phase structure

depends only on the two dimensionless parameters TR and L/R. For L/R < 1.06 the deconfinement

and chiral symmetry restoration transitions happens at different temperatures, while for L/R > 1.06

they occur together .

while the deconfinement phase transition happens at the temperature

Td =
1

2πR
=

0.159

R
(4.30)

Both temperatures are equal when L = 1.06R. For L/R > 1.06 and T ·R > Td ·R the system
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is deconfined and chiral symmetry is restored, while for L/R < 1.06 and temperatures

bigger than the temperature of deconfinement the system is deconfined but chiral symmetry

restoration happens separately: at T · R < TχSB · R chiral symmetry is still broken and

at T · R > TχSB · R chiral symmetry is restored. The full phase diagram of the theory is

drawn in figure 6.

4.5 General model

From the similarity of the result of the previous section to the SS model we can derive a

general model, but it is not necessary that all three phases will be present. We indeed find

a different behavior of some metrics.

We consider a n-dimensional Wick rotated black hole background and insert into it (n-

2)-probe branes, that extend along all directions except x4. We take the following general

form of the metric at low temperatures:

ds2n = H2dt
2 +

1

H1
du2 +H1dx

2
4 + ds2k (4.31)

and then the metric at high temperatures becomes:

ds2n = H1dt
2 +

1

H1
du2 +H2dx

2
4 + ds2k (4.32)

where H1 is a singular function of u with a horizon at u = uH , H2 is a non-singular function

of u, x4 is compact with a period that depends on uH and ds2k is any k-dimensional metric of

the rest of coordinates, whose components can depend on u. The condition of the singular

H1 is necessary to have a horizon on which (n-2)-branes can end. At low temperature the

u − x4 submanifold is cigar-shaped, while at high temperature the u − t submanifold is

cigar-shaped and the x4 circle does not shrink to zero.

From (4.32) we find the induced metric on the (n-2)-probe brane

ds2n = H1dt
2 +

(

H2 +
1

H1
u′2
)

dx2
4 + ds2k (4.33)

with u′ = du/dx4.

The DBI action is given by (without the CS term)

SDBI =Tn

∫

dn−1xe−φ√g
√

H1

(

H2+
1

H1
u′2
)

= T̂n

∫

dx4e
−φ√g

√

H1

(

H2+
1

H1
u′2
)

(4.34)

where T̂n includes the outcome integration over all coordinates apart from dx4, e
φ is a

dilaton and g is the determinant of the ds2k metric. Then from the conservation of the

Hamiltonian we find that the equation of motion is

e−φ√g√H1H2
√

H2 + 1
H1
u′2

= const (4.35)
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Figure 7: Models with values of n between 3 and 5, m between 3/2 and 2, and arbitrary j and l

should have intermediate and high temperature phases.

If we suppose that there is a solution with u′(u = u0) = 0, then the constant is equal to

e−φ0

√

g0H0
1H

0
2 and

u′ =
√

H1H2

√

e−2φgH1H2

e−2φ0g0H0
1H

0
2

− 1 (4.36)

The case u′(u = 0) → ∞ is also a solution of the equation of motion and gives const = 0.

Inserting the expression for u′ into (4.34) we find

SDBI = 2T̂n

∫ ∞

u0

due−φ√g 1
√

1 − e−2φ0g0H0
1H0

2

e−2φgH1H2

(4.37)

At u′ → ∞ the actions reads

Su′→∞
DBI = 2T̂n

∫ ∞

u0

due−φ√g (4.38)

The action of the parallel brane configuration actually depends only on the xk coordinates

and the dilaton. The difference between the actions is

∆S = 2T̂n

∫ ∞

u0

due−φ√g





1
√

1 − e−2φ0g0H0
1H0

2

e−2φgH1H2

− 1



−
∫ u0

uT

due−φ√g (4.39)

To evaluate it we need to insert the explicit expressions of the functions H1,H2, g and

the dilaton.

The existence of the solution with u′(u = u0) = 0 and u0 6= 0 at low temperatures

guarantees confinement, but to see whether we get chiral symmetry restoration or not we
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need an explicit form of the functions φ, g,H1 and H2. Let us look at the same family of

metrics to which SS and AdS6 metrics belong. That is:

H1 =
( u

R

)m (

1 −
(uT

u

)n)

H2 =
( u

R

)m

e−φ = const1 · ul

g = const2 · uj (4.40)

const1 and const1 does not effect δS and therefore we them arbitrary. Substituting the

functions (4.40) into the action’s difference (4.39) and defining y = u/u0 , we get:

∆S ∝
∫ ∞

1
dyyl+ j

2





1
√

1 − y−(2l+j+2m) 1−yn
T

1−(yT /y)n

− 1



−
∫ 1

yT

dyyl+ j

2 (4.41)

We did the numerical computations for different values of j, l,m, n (since we cannot

solve the first integral analytically). We checked that for n between 3 and 5, for m between

3/2 and 2, and arbitrary j and l ∆S is negative and then positive as in the SS and AdS6

models, as expected (see figure 7).

Also we can see whether we get a different phase structure for general critical and

non-critical versions of near extremal Dp-branes. The metric for the critical near extremal

Dp-branes is [20]:

ds2 =
u(7−p)/2

R2
Dp

(

−
(

1−u7−p
T

u7−p

)

dt2+dx2
4

)

+
R2

Dp

u(7−p)/2

1

1− u7−p

T

u7−p

du2

+
u(7−p)/2

R2
Dp

δijdx
idxj +R2

Dpu
(p−3)/2dΩ2

8−p i, j = 1, . . . , p− 1

e−φ =
1

(2π)2−pg2
YMR

3−p
Dp

u(7−p)(3−p)/4 R2
Dp = gYM

√
N (4.42)

Therefore all the powers depend only on p and we find:

m =
7 − p

2

n = 7 − p

l =
(7 − p)(3 − p)

4

j =
(7 − p)(p− 1) + (p− 3)

2
(4.43)

Since the solutions are in 10 dimensions, we insert D8-probe branes because if there are

directions along which probe branes do not extend, except the x4 direction, the massive

quarks appear and we will not get chiral symmetry. Drawing the ∆S (4.41) numerically

for different values of p we find that for p ≤ 5 we get the same behavior as in the SS model
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Figure 8: ∆S as a function of yT for the near extremal D6-branes in 10 dimensions.

(two phases - chiral symmetry breaking and restoration), but for p = 6 we get a positive

∆S that means that chiral symmetry restoration and deconfinement occur together (see

figure 8). For p > 6 we cannot get the solution of (4.41) numerically.

Near extremal solutions of Dp-branes in non-critical dimensions are given by [6]:

ds2 =

(

u

RAdS

)2
(

−
(

1 − up+1
T

up+1

)

dt2 + dx2
4

)

+

(

RAdS

u

)2 1

1 − up+1

T

up+1

du2

+

(

u

RAdS

)2

δijdx
idxj +R2

SqdΩ2
q i, j arbitrary but smaller than 7 − q

e−φ0 =

[

1

p+ 2 − q

(

(p+ 2 − q)(q − 1)

c

)q 2c

Q2

]−1/2

R2
AdS =

(p+ 1)(p + 2 − q)

c
(4.44)

where
c

α′ =
10 − d

α′ (4.45)

is the non-criticality central charge term.

We see that again all the powers depend only on dimension of the branes p:

m = 2

n = p+ 1

l = 0

j = 6 (4.46)

The probe branes that we insert into the backgrounds are (d-2)-branes and antibranes

(d - is the dimension of a non-critical metric). For different values of n = p+1 we find that

∆S (4.41) always has the same behavior as in the AdS6 BH model, i.e. chiral symmetry

can be restored at a higher temperature then the temperature of deconfinement, but the

value of the ratio L/R will be different for different Dp-branes.

From the above analysis we see that the phase structure of a model depends on the

basic structure and dimensionality of its metric and it can be different for different models.
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5. Spectrum of mesons

The mesons of our model are described by strings ending on the probe D4-branes. Low-spin

mesons are described via modes of the massless fields living on the D4-branes and high-spin

mesons are associated with string configurations that fall from the D4-branes down to the

wall at u = uΛ, stretch along the wall and then go back up again. The mesonic spectrum

in the low-temperature phase is unchanged as the temperature is increased because in the

confining phase the theory behaves effectively as a gas of non-interacting glueballs and

mesons [21, 22]. However, the mesonic spectrum at intermediate temperature might be

not connected to the spectrum in the low-temperature regime since the phase transition is

first-order and such a jump should be expected. Now we turn our attention to the meson

spectrum at the intermediate and high temperature phases.

5.1 Low-spin mesons at intermediate temperature

Low-spin mesons correspond on the string theory side to fluctuations of the massless fields

on the probe branes. The fluctuations of the gauge fields on the branes give pseudo-

vector and scalar mesons and pions, and the fluctuations of the scalar field describing the

embedding of the branes give massive scalar mesons. Using the analysis of the fluctuations

performed in [9] we describe the modes coming from the components of the gauge field

living on the D4-branes.

The spectrum of low-spin mesons in the low-temperature phase is unmodified with

respect to zero temperature since the Euclidean metric is globally unmodified.

The spectrum in the intermediate temperature phase is discrete because the probe does

not intersect the horizon. Also computations in [4] for the SS model show that given that

the effective tension of strings near the brane decreases with the increase of temperature,

the masses of mesons decrease as the temperature is increased. This behavior is also true

for our model.

We start from the background metric describing the hot gluonic plasma (4.17).The

induced metric on the D4-brane worldvolume at intermediate temperature reads

ds2interm =

(

u

RAdS

)2
(

f(u)dt2 + δijdx
idxj

)

+

[

(

RAdS

u

)2 1

f(u)
+

(

dx4

du

)2 (
u

RAdS

)2
]

du2 (5.1)

We are interested in computing the spectrum of vector mesons, by considering small fluc-

tuations on the worldvolume gauge fields of the probe D4-brane. We expand the gauge

field as [2]

Aµ(xµ, u) =
∑

n

B(n)
µ (xµ)ψ(n)(u) (5.2)

Au(xµ, u) =
∑

n

ϕ(n)
µ (xµ)φ(n)(u) (5.3)
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and therefore the field strength reads

Fµν =
∑

n

F (n)
µν (xρ)ψn(u) ,

Fµu =
∑

n

∂µϕ
(n) φn(u) −B(n)

µ ∂uψn(u)

= ∂µϕ
(0) φ0 +

∑

n≥1

(

∂µϕ
(n) −B(n)

µ

)

∂uψ(n) .

(5.4)

where the last line is obtained by taking φ(n) = m−1
n ∂uψ(n)(u). To simplify the consider-

ation, we furthermore go to the A0 = 0 gauge and consider only spatially homogeneous

modes, i.e. we consider the equation of motion for fields satisfying ∂iAj = 0. Then the

probe brane action (with a = 0 is

Ŝtrunc =

∫

d4xduu4γ1/2 f(u)1/2

[

1

u2γf(u)
(∂0ϕ

(0))2φ(0)φ(0)

− 1

f(u)

(

RAdS

u

)4

∂0B
(m)
i ∂0B

i
(n)ψ(m)ψ(n)+

1

u2γ
B

(m)
i Bi

(n)∂uψ(m)∂uψ(n)

]

,

with γ ≡ u8

u10f(u) − u10
0 f(u0)

(5.5)

Let us first consider the part of the action that describes the four dimensional vector

fields B
(m)
i . In fact we can analyze it as a special case of the general form
∫

d4xdu
[

−a(u)∂0B
(m)
i ∂0B

i
(n) ψ(m)ψ(n) + b(u)B

(m)
i Bi

(n) ∂uψ(m)∂uψ(n)

]

(5.6)

Next we impose the normalization condition
∫ ∞

u0

dua(u)ψ(m)ψ(n) = δmn (5.7)

and require that ψ(n) obeys the eigenvalue equation

∂u(b(u)∂uψ(n)) + a(u)ψ(n) = 0 (5.8)

These two steps assure that the four dimensional action of the B
(n)
i (x) is that of a

massive vector fields with mass squared equal to m2
(n),namely

−
∫

d4x
[

∂0B
(n)
i ∂0B

i
(n) −m2

(n)B
(n)
i Bi

(n)

]

(5.9)

The action of the sector of the four dimensional scalar field ϕ(0) has the general form
∫

d4xdu
b(u)

f(u)
φ(0)φ(0) (5.10)

Thus by requiring the following normalization condition on φ(0)

∫ ∞

u0

du
b(u)

f(u)
φ(0)φ(0) = 1 . (5.11)
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f(u) γ(u) a(u) b(u)

S.S model 1 − (uT

u )3 u8

u8f(u)−u8
0f(u0)

u4γ1/2f−1/2
(

RAdS

u

)9/2
u4γ−1/2f1/2

(

RAdS

u

)3/2

nc model 1 − (uT

u )5 u8

u10f(u)−u10
0 f(u0)

γ1/2f−1/2 (RAdS)
4 u2γ−1/2f1/2

Table 3: The functions that characterize the critical and non-critical models

The zero mode φ(0) = 1
b(u) = u−2f−1/2γ1/2 is normalizable with this norm. It is the

dual of the massless pion ϕ(0) ≡ π(0) present in the intermediate-temperature phase. The

generalization of the field ϕ(0)to the non abelian flavor symmetry case are the Goldstone

bosons associated with the spontaneous breaking of the U(Nf )L × U(Nf )R global chiral

symmetry to the diagonal U(Nf ).

In this language each holographic model is characterize by the two functions a(u)

and b(u), in particular for the models of the intermediate temperature critical model and

correspondingly the non critical one, the different values of the functions a(u) and b(u) are

given in table 3

In the limit of u0 ≫ uT the spectrum simplifies and one can easily determine the

scale of the meson masses. In this limit, which corresponds to a small separation distance

between the stacks of branes and anti-branes L ≪ R, the thermal factor f(u) → 1 and in

particular also f(u0) → 1.Therefore,

γ ≡ u8

u10f(u) − u10
0 f(u0)

→ 1

u2

1

1 − y−10
(5.12)

where the dimensionless quantity y ≡ u/u0. Then we can rewrite (5.8) in terms of y in the

following form

−y
√

1 − y−10∂y

(

y3
√

1 − y−10∂yψ(n)

)

=
R4

AdS

u2
0

m2
n ψ(n) . (5.13)

Now since the left-hand side is expressed in terms of the dimensionless quantity y, the

right-hand side should also be dimensionless which implies that

m2
n ∼ u2

0

R4
AdS

(5.14)

From (4.28) we know that u0 ∼ 1/L. Therefore the mass of “short” mesons scales as

Mmeson ∼ 1

L
. (5.15)

The explicit mass spectrum of the vector mesons can be found by looking for normalizable

eigenfunctions of (5.13) and using numerical methods (e.g. a shooting technique), but the

qualitative behavior of the spectrum is that the masses of mesons decrease as temperature

increases. This behavior is a direct consequence of the fact that the constituent quark mass

is related to the distance of the tip of the probe brane to the horizon. If the distance is

increased, a meson of the same spin will correspond to an excitation of the brane which is

further away from the horizon and hence less affected by the temperature. This behavior

is common for all gravitational backgrounds that contain a horizon.
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5.2 Low-spin mesons at high temperature

In the high-temperature phase the profile of the left and right stacks of branes is char-

acterized by u′ ≡ du/dx4 → ∞ and the induced metric on the probe branes and probe

anti-branes takes the form

dŝ2high =

(

u

RAdS

)2
[

−f(u)dt2 + δijdx
idxj

]

+

(

RAdS

u

)2 1

f(u)
du2 (5.16)

The differential equation for the modes is now

−u f(u) ∂u

(

u3f(u)∂uψ(n)

)

= R4
AdSm

2
n ψ(n) (5.17)

i.e. it is similar to the intermediate temperature phase case, but with

γ =
u8

u10f − u10
0 f(u0)

→ u8

u10f(u)
=

1

u2f(u)
(5.18)

Correspondingly a(u) = u−1f(u)−1R4
AdS and b(u) = u3f Then the normalization conditions

are now
∫ ∞

u0

duu−1f(u)−1R4
AdS ψ(m)ψ(n) = δmn ,

∫ ∞

u0

duu3 φ(0)φ(0) = 1 .

(5.19)

The mode, which would be given by φ(0) = u−3f(u)−1, is no longer normalizable.

Computation of its norm leads to the integral

∫ ∞

uT

du
1

u3f2
(5.20)

which, while convergent at the upper boundary, is divergent at the lower boundary. In

accordance with the fact that chiral symmetry is restored in the high-temperature phase,

we see that the Goldstone boson has disappeared. In the high temperature phase the

spectrum of vector mesons is continuous.

5.3 High-spin mesons at intermediate temperature

To describe higher-spin mesons we cannot use supergravity modes and we need to consider

string configurations [23] that start and end on probe branes. For large spin these strings

can be described semiclassically. The relevant string configuration can be decomposed into

three parts: a segment from the probe brane at u = u0 to the wall at u = uT , then a

segment that stretches along the wall in the spacial direction, and then another vertical

part stretching from the wall back to the probe brane, as depicted at figure 9.

The relevant part of the background metric that represents this configuration is

ds2 =

(

u

RAdS

)2
(

−f(u) dt2 + dρ2 + ρ2 dϕ2
)

+

(

RAdS

u

)2 du2

f(u)
(5.21)
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Figure 9: A high-spin meson at intermediate temperatures represented as a semiclassical string

starting at the lowest point of the probe brane u = u0, going down to the wall at u = uT , stretching

horizontally in the space along the wall, and then going back up vertically to the probe brane at

u = u0.

We go to the static gauge for the string action and make the following ansatz for the

rotating configuration,

t = τ , ρ = ρ(σ) , u = u(σ) , ϕ = ωτ (5.22)

This ansatz has the same form as in the zero-temperature case [23]. Hence, the only effect of

finite temperature will be in the change of the shape of u(σ) as the temperature is increased.

With this ansatz the metric now reads

ds2 =

(

u

RAdS

)2

(−f(u) + ρ2ω2)dτ2 +

(

u

RAdS

)2(

ρ′2 +

(

RAdS

u

)4 u′2

f(u)

)

dσ2 (5.23)

and it leads to the following string (Polyakov) action

S =

∫

dτ dρ

√

(

u

RAdS

)4 (

ρ′2 +
u′2

f(u)

R4
AdS

u4

)

(f(u) − ρ2ω2) (5.24)

Positivity of the argument of the square root in (5.24) requires that f(u) > ρ2ω2. This

means that for a given angular frequency ω, the string solution u(ρ) has to lie above the

curve

u(ρ) ≥ uT

(1 − ρ2ω2)1/5
(5.25)
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Figure 10: The boundary curve. Rotating strings have to lie above this curve in order for their

action to be real. The curves correspond to the following values of the frequency ω (from right to

left): 0.5, 1, 1.5 and 3. The horizon is located at uT = 2.

In figure 10 these curves are depicted for various values of ω. We see that any string

is allowed to touch the horizon uT for any angular frequency ω and as ω decreases (i.e. the

spin of the mesons increases) the string endpoints get more and more separated, the U-

shaped string penetrates deeper to the horizon, and it becomes more and more rectangular.

For a given ω, the maximal allowed extent of the string is determined by the intersection

of the curve with u0, and is given by

ρmax =
1

ω

√

1 −
(

uT

u0

)5

(5.26)

The equation of motion following from the action (5.24) is given by

− 2
√
. . .

d

dσ

(

1
√
. . .

u′

f(u)
(f(u) − ρ2ω2)

)

+ f ′(u)

(

u′2ρ2ω2

f(u)2
+

u4

R4
AdS

(ρ′)2
)

+
4u3

R4
AdS

(

(ρ′)2f(u) − (ρ′)2ρ2ω2

)

= 0 (5.27)

where
√
. . . is the density of Nambu-Goto action (5.24).

The expressions for the energy and the angular momentum carried by the string are

given by

E =

∫

dσ
1

√
. . .

((

u

RAdS

)4

f(u)(ρ′)2 + u′2
)

(5.28)

J =

∫

dσ
1

√
. . .
ωρ2

((

u

RAdS

)4

ρ′2 +
u′2

f(u)

)

(5.29)

The analysis of meson spectrum in [4] has showed that the meson spectrum of the

SS model does not follow the well known Regge trajectories. For high-spin mesons at a

fixed temperature there is a maximum value of angular momentum beyond which mesons

cannot exist and have to dissociate. That is the temperature at which mesons melt is spin
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dependent. As the temperature increases, the maximal value of the spin that a meson can

carry decreases. This behavior is also true for high-spin mesons in the AdS6 background.

Also for high mesons of fixed angular momentum, as for low-spin mesons, the energy

decreases as a function of temperature.

5.4 Drag effects for quarks

In the deconfined phase the background contains a horizon and we can have a string starting

on a flavor D4-brane/antibrane and going into the horizon. This string corresponds to a

deconfined quark/anti-quark.

Because a strictly vertical string moving rigidly through the background would not have

a real action (5.24), the string has to be bent when it is “pushed” through the plasma.

In addition the bent string does not end anymore orthogonally on the brane. This means

that one has to apply a force on the string endpoint, or in other words, one has to “drag”

the string in order to keep it moving [24 – 30]. A suitable ansatz to describe the behavior

of the string that moves with speed vx in the x direction is (in static gauge)

t = τ , u = σ , x = vxt+ ξ(u) (5.30)

Inserting (5.30) into the Nambu-Goto Lagrangian we find

S =

∫

d2σ
√

−det(Gµν∂αXµ∂βXν)

=

∫

dτ dρ

√

1 − v2
x

f(u)
+

(

u

RAdS

)4

f(u)ξ′2 (5.31)

The corresponding equation for ξ implies that the conjugate momentum is a constant:

πξ =
∂L
∂ξ′

= −
(

u

RAdS

)4 f(u)ξ′√−g (5.32)

where g is the determinant of the induced metric. Inverting this relation we obtain

ξ′ = πξ

(

RAdS

u

)4 1

f(u)

√

f(u) − v2
x

f(u) − π2
ξ (

RAdS

u )4
(5.33)

We must require that ξ(u) is everywhere real, but the square root on the right hand side is

in general not everywhere real. The function f(u) interpolates between 1 at the boundary

of AdS6 to 0 at the horizon, so at some intermediate radius f(u)−v2
x switches sign at some

intermediate point uv, which is by definition such that u5
v = u5

T /(1− v2
x). The only way we

can prevent ξ from becoming imaginary for u < uv is by choosing a value of πξ such that

the denominator also vanishes at uv:

π2
ξ = f(uv)

(

uv

RAdS

)4

=

(

uT

RAdS

)4 vx

(1 − v2
x)

4
5

(5.34)

Plugging this back into (5.33) we find

ξ′ =
vR2

AdS

u4

u2
T

f(u)
(5.35)
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Now we want to compute the σ component of the current associated with spacetime trans-

lations along x

P u
x = −Gxνg

uα∂Xν = −f(u)ξ′

g

(

uT

RAdS

)4

(5.36)

where Gµν and gαβ denote respectively the spacetime and induced worldsheet metric. To-

gether with (5.31) and (5.35) it yields the drag force

dp

dt
=

√−gP u
x = −u

2
T

R2

v2
x

(1 − v2
x)

4
5

(5.37)

This can be compared with the result for the critical case [31]. We see that there are two

effects happening as one tries to move a single string in the hot background: the string

shape is modified in a way which depends on the temperature and velocity, and in order

to preserve the motion one needs to apply a force.

5.5 Drag effects for mesons

Now we are interested if there is a drag force on a rotating meson at finite temperature.

From the condition (5.25) we can see that a simple rotating motion does not experience a

drag effect because the rotating string is always sufficiently high above the curve beyond

which the action would turn to be imaginary. On the other hand the bending of the rotating

string does depend on the angular velocity and on the temperature.

We can also consider a linear motion of the meson in a direction orthogonal to the

plane of rotation. A suitable ansatz for this motion is

t = τ , ρ = σ , u = u(ρ) , ϕ = ωτ , y = vy τ (5.38)

In this case the string action becomes

S =

∫

dτ dρ

√

(

u

RAdS

)4 (

1 +
u′2

f(u)

R4
AdS

u4

)

(

f(u) − ρ2ω2 − v2
y

)

. (5.39)

The only modification with respect to the rotating meson is the addition of a term “−v2
y”

to the last factor under the square root. The condition for the action to be real is now

u ≥ uT

(1 − ρ2ω2 − v2
y)

1/5
. (5.40)

The curves are depicted in figure 11 for various values of vy. For any high-spin meson

at finite temperature one can find a generalized solution to the equation of motion such

that the spinning configuration lies entirely above the curves (11). Thus, the mesons do not

experience any drag effect that means that they do not experience any energy loss when

propagating through the quark-gluon plasma - no force is necessary to keep them moving

with a fixed velocity. In the dual language, this reflects the fact that if the quark gluon

plasma is not hot enough to dissociate mesons, then these color singlets will not experience

a drag force generated by a monopole interactions with the medium. However, the shape

of the string in the (ρ, u) plane can be modified as it starts moving.
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Figure 11: Analysis of the effect of a transverse velocity on the shape of spinning U-shaped strings

keeping the quark masses and spin fixed. The curves display results for increasing values (from

right to left) vy = 0, 0.4, 0.6, 0.8, 0.9, 0.98 and ω = 1. The horizon is located at uT = 2.

6. Summary

In this project we were mainly interested in the difference between HQCD models in critical

and non-critical backgrounds. We looked at the thermal properties of the non-critical

AdS6 black hole background with D4-probe branes and antibranes. We found that for the

chargeless flavor branes, namely, when we switched off the
∫

c5 CS term, it has a similar

behavior to the critical Sakai-Sugimoto model.

We found that the difference in free energy between Euclidean background at low and

high temperatures scales as N2
c in the ’t Hooft large Nc limit, as expected. In our model it is

proportional to (2πT )5−(1/R)5, while in the SS model it is proportional to (2πT )6−(1/R)6.

It seems that the former result fits better a five dimensional field theory. In our model we

got the chiral phase transition at the ratio of the separation distance between branes and

antibranes at infinity and the radius of the x4 circle L/R = 1.06, comparatively to the SS

model L/R = 0.97. Spectrum of the low-spin mesons is discrete at low temperatures and

continuous at high temperatures and we can identify the Goldstone pion associated with

the spontaneous breaking of the U(Nf )L ×U(Nf )R global chiral symmetry to the diagonal

U(Nf ). Quarks and high-spin mesons experience a drag force at finite temperature whereas

mesons do not. This is the same as was discovered in [4].

We saw that the AdS6 and the SS model can be unified into a family of metrics

assoicated with space-times of different dimensions that have a similar phase structure.

The non-critical has a serious drawback and that is the fact that the background has

curvature of order one. This property implies that higher curvature corrections may be

important. However, the resemblance with the critical picture indicates that presumably

for the properties considered in this work the higher curvature correction are not very

meaningful. On the other hand in the critical case the dilaton goes to infinity as u → ∞,

thus, in principle, in this region the sugra approximation is not valid and one should go

to the M-theory. In the AdS6 case dilaton is constant and we should not worry about the
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behavior of the model when u→ ∞. Again inspite of this difference the extracted physical

properties seem to be alike.
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